
Abstract-- The large number of ports in an interconnect struc-
ture is a critical limiting factor when applying model-order
reduction. This is due to the fact that the size of the reduced
model grows rapidly with increasing the number of ports, lead-
ing to large and dense circuit matrices. To address this problem,
a novel method based on transverse partitioning and waveform
relaxation is proposed for passive model-order reduction of
massively coupled large multiport interconnects. The new
method effectively replaces the tightly coupled multiport
reduced model with decoupled 2-port subcircuits. In addition to
preserving the advantages of model-order reduction, the compu-
tational complexity of the new method grows only linearly with
the number of lines. 

I. INTRODUCTION 

Due to the ever-increasing demand for higher frequencies
and sharper excitations, interconnect effects are becoming
the major bottleneck in the validation of high-speed designs.
At higher operating frequencies, advanced interconnect
models such as distributed multiconductor transmission lines
become necessary. Several techniques have been proposed in
the literature for discretization of Telegrapher’s partial
differential equations describing high-speed distributed
transmission lines. In general, these discretization techniques
lead to large set of ordinary differential equations particularly
for interconnect networks containing a large number of
distributed transmission lines. Such a large system of
equations presents a difficult challenge for conventional
SPICE-like nonlinear time-domain simulators. 

Model-order reduction (MOR) techniques have been
proposed as efficient means to address this issue [1], [2].
Using MOR, the nonlinear network is partitioned into a linear
subnetwork containing the discretized interconnect circuit
and a nonlinear subnetwork containing the driver and
receiver circuits. The linear subnetwork is reduced using
passive moment-matching methods to form a 2N-port
macromodel; where N is the number of coupled lines. This
macromodel is then coupled with the nonlinear subcircuit to
obtain the time-domain response of the original network.
Generally, for networks with a small number of ports, the
size of the reduced model is much less than the size of the
original interconnect circuit. However, the size of the
reduced model increases rapidly with the increasing number
of ports, as in the case of large bus structures, significantly
undermining the advantages gained by MOR. Recently,
several attempts have been made to resolve this issue [3], [4]
via port-reduction (or alternatively port-compression). The
common theme in these techniques is incorporating the
correlation information in the matrix transfer function at the

I/O ports of the reduced model into the model-reduction
process. However, the major difficulty here is that the
correlation relationship is frequency-dependent and in many
cases is also input-dependent.

In contrast to the reported techniques, the proposed
method in this paper follows a different strategy. We start by
decoupling the original interconnect circuit in the transverse
direction. Next, model-order reduction is applied to each
decoupled subcircuit. Effectively, this replaces the massively
coupled 2N-port reduced model with N decoupled 2-port
reduced models. Coupling effects due to neighboring lines
are represented by voltage and current sources at the
terminals of each reduced model. During the transient
analysis using the above macromodel, a relaxation-based
algorithm is used to update the coupling sources until
convergence is achieved. Generally, very few iterations are
required to achieve convergence due to the relatively weak
coupling between individual subcircuits. In addition to
regaining the advantages of MOR, the CPU cost increases
only linearly with the number of lines, providing a significant
speed-up compared to conventional methods (where the CPU

time grows with  where 3<a<4 [5], [6]). Moreover, the
proposed algorithm is highly suitable for parallel
implementation, leading to further significant reduction in
the computational complexity.

II. REVIEW OF MODEL-ORDER REDUCTION OF 
COUPLED INTERCONNECTS

Consider the Telegrapher�s equations in the form

(1)

where , , , and

are the per-unit-length (p.u.l.) resistance,
inductance, capacitance and conductance parameter matrices

of the transmission lines,  and 
represent the voltage and currents vectors as a function of
position x and time t, and N is the number of coupled lines.

Discretizing (1), we obtain a 2N-port linear lumped

network , which can be expressed using the Modified
Nodal Analysis (MNA) differential equations as
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(2)

where

�  is the vector of node voltage waveforms

appended by waveforms of currents in independent volt-
age sources and inductors,

�  is a selector matrix which maps port

voltages into the node space of the network, and super-
script �T� denotes the transpose operator, 

�  define the input and output port volt-
ages and currents of the network, respectively,

�  are constant matrices describing

lumped memory and memoryless elements of the network,
respectively,

�  is the node-space of the network .

The reduced system is obtained by replacing the
original state variables , with a reduced set of state

variables , using the following transformation 

(3)

where  is an orthonormal matrix whose
columns form bases for the Krylov subspace generated by

the matrices A and , namely

(4)

where 

(5)

and the operator  represents the truncation to the
nearest integer, towards zero. 
Next, the reduced system can be expressed as

(6)

where , , and .

The reduced system in (6) preserves the first 
block moments of the original network, where the number
of ports . 

Generally, for networks with a small number of ports,
q is much less than the size of the original network
matrices . However, for a given number of preserved

moments, q increases rapidly with increasing the number
of ports. In addition, it is to be noted that, the number of
non-zero entries in (6) is of order O(q2). Hence, for
networks with a large number of ports, the MNA
equations of the reduced model are relatively large and
dense. Consequently, the advantages of model-order
reduction (MOR), such as computational efficiency and
compactness are severely compromised as the number of
coupled lines is increased. To overcome this difficulty, a
new MOR algorithm is presented in the next section based
on transverse partitioning of the coupled interconnects.

III. DEVELOPMENT OF THE PROPOSED REDUCTION 
ALGORITHM FOR MASSIVELY COUPLED INTERCON-

NECTS

The new algorithm is based on transverse partitioning
and waveform relaxation [5], [6]. The first step of the
method involves decoupling the N coupled line circuit into
N single line subcircuits using transverse partitioning.
Next, model reduction is performed on each single line
subcircuit, which effectively reduces the number of ports
to 2. Coupling effects due to neighboring lines are
represented by voltage and current sources at the terminals
of each subcircuit. A relaxation-based algorithm is used to
update the coupling sources until convergence is achieved.
The concept of the proposed algorithm is demonstrated
pictorially in Fig 1. Details of the algorithm are given
below. 
a) Development of the Decoupling Strategy

Consider the Telegrapher�s equations of the coupled
interconnects given in (1). Applying waveform relaxation
and transverse partitioning [5], [6], the equations for the
jth line can be written as
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where r represents the rth iteration and the coupling terms
 and  are defined as 

(8)

Expressing (7) in the frequency domain, we get the
following equation for the jth line 

(9)

where

(10)

and 

(11)

The solution of (9) can be written as

(12)

The relaxation sources which represent the coupling
between individual lines are given by

(13)

Eq. (12) can be modeled as a single transmission line with
additional relaxation sources, where  

, (14)

the operator  denotes the inverse Fourier transform,
and d is the length of the line. 

b) Reduction of the Decoupled Subcircuits
Discretizing the single line equations in (9)-(11),

results in the following MNA equations

   (15)

where  are constant matrices

describing lumped memory and memoryless elements of
the jth single line subcircuit, respectively,  are the

state variables at the (r+1)th iteration,   is a

selector matrix with entries 0 or 1, and  is the number

of variables in the jth subcircuit.  

Eq. (15) can be reduced using a similar approach to the
method described in Section II. This results in the
following reduced-order MNA equations of order q 

(16)

where ,  and . 

The mapping between the original states  and the

reduced states  for the jth subcircuit can be written as

    for  (17)

where  is the orthonormal reduction matrix for line j. 

In this case, the reduced model consists of N decoupled
subcircuits with a sparse block diagonal MNA matrix
which consists of N blocks, each of dimension . In
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contrast to this, conventional MOR techniques lead to a
dense MNA matrix of dimension .

It is to be noted that the passivity of the reduced model
in (16) is guaranteed since the matrices  and 

were formulated using the passivity preservation
algorithm described in [1]. 

c) Transient Analysis using the Reduced Model
Using the reduced model in (16), the relaxation

coupling sources in (13) for the jth subcircuit are updated
at the end of each iteration as follows

 (18)

where  are selector vectors (with entries

0 or 1), and  is the number of state variables in the

original kth single line subcircuit. Efficient computational
techniques for evaluation of the integral in (18) have been
developed (details are omitted due to the lack of space). 

d) Lines with Frequency-Dependent Parameters
Typically, due to skin, edge and proximity effects [7],

the p.u.l. line parameters used to describe the transmission
line are frequency-dependent (F.D.). In this case, (15) has
to be modified to account for the frequency-dependency of
the line parameters. Generally, the F.D. p.u.l. parameters
are given in the form of tabulated data from
measurements, empirical formulae or electromagnetic
simulations. In our approach, we  approximate the p.u.l.
impedance and admittance of each single line by positive
real rational functions using the vector-fit method [9]
followed by a passivity check and compensation algorithm
based on [10]. The resulting RL/RC circuit realizations
are incorporated in the single line MNA equations given
in (15). 

It is to be noted that our method requires the passive
synthesis of only single-port driving point immitances. In
contrast, applying conventional MOR techniques directly
to the coupled equations in (2) requires the passive
synthesis of multiport driving immitances, which is a

significantly more complex process compared to the
single-port case [8].  

IV. NUMERICAL EXAMPLE

To validate the proposed method, in this example, we
consider a circuit containing an 8-coupled transmission
line bus. The line parameters were extracted using [11].
The transmission lines in the original coupled network
were discretized using conventional lumped segmentation
[7]. The size of the original network thus constructed was

. Using conventional model-order reduction
on the original coupled network results in a dense reduced
matrix of size . On the other hand, the proposed
algorithm results in eight decoupled matrices of size

. For the purpose of illustration, the sparsity
patterns in the reduced models for both cases are shown in
Figs. 2 and 3, respectively. To demonstrate the accuracy
and rate of convergence of the proposed method, Figs. 4a
and 4b show a sample of the time-domain response of the
far end crosstalk of victim line 4, obtained using the new
algorithm after 1 and 4 iterations. The results are
compared to the time-domain response of the original
coupled un-reduced network. As seen from the plot, the
results are in excellent agreement, and the new algorithm
required only 4 iterations to achieve convergence. For this
example, using the proposed algorithm, a speed-up of 14
was achieved compared to the simulation using the
traditional reduced model [1]. It was also observed that
the speep-up ratio increases with increasing the number of
lines.  

V. CONCLUSIONS

The size of the reduced model of an interconnect circuit
increases rapidly with the number of ports, which
significantly diminishes the advantages of model-order
reduction. To address this problem, a new algorithm for
model-order reduction of large multiport interconnect
structures has been presented. The proposed method uses
transverse partitioning to decouple the interconnect
circuit. Model-order reduction is applied to each
decoupled subcircuit and the coupling effects are
evaluated using waveform relaxation techniques. In
contrast to conventional model-order reduction
algorithms, the proposed method leads to sparse block
diagonal circuit matrices, which results in a significant
reduction in the computational complexity. In addition,
the presented algorithm is highly suited for parallel
implementation. 
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